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Stress Intensity Factor Calculation for Designing
with Fiber-Reinforced Composite Materials

G. R. Heppler,* S. Frisken,t and J. S. HansenJ
University of Toronto, Toronto, Ontario, Canada

A singular finite element model of a cracked composite plate is employed to determine the variation of the
mode I stress intensity factor for a center cracked plate with laminate configuration changes. Two material
systems, T300/5208 and K49/934, are studied for seven crack length to specimen width ratios. A correlation be-
tween the basic material parameters and the stress intensity factors is presented which allows rapid, inexpensive
estimation of the effect of laminate design changes given a bare minimum of initial data.

Nomenclature
A = laminate stress resultant-strain constitutive

relation
A' = constitutive relation for an equivalent single

ply laminate
C = compliance matrix
efj = tensor strain /, j = 1,2
En»E22 = lamina modulus in 1 and 2 directions
Exx,Eyy = laminate modulus in x and y directions
Exx,Eyy = equivalent lamina moduli
G12, Gxy, G'xy = corresponding shear moduli
hk =see Fig. 4
Kl9KU9Kest = stress intensity factors, mode I, mode II, and

estimated
L = crack semilength
Q, Q — lamina constitutive relations
NJ = basis functions / = 1,12
r,Q = crack tip centered polar coordinates
s,t = normalized conventional element coordinates
S],s2 = roots of characteristic quartic
s = a general value of I/ \Sj I \s21
t = total laminate thickness
T = transformation matrix
w, v = membrane displacements
uc, vc = coventional field component of w, v
us, vs = singular field component of u, v
vl,vl =mode I displacement field contribution
uU9Vu =mode II displacement field contribution
W = specimen semiwidth
Vi2>vxy =Poisson's ratio
afj = stress components /, j = 1,2
e?;>e22'7?2 =midplane strains (engineering)

Introduction

F IBER-REINFORCED composite materials are being in-
corporated in the design of an ever broadening range of

structural components. This is because these materials have
very attractive strength and stiffness-to-weight ratios and
because of the design flexibility which they allow in the choice
of mechanical, thermal, and vibrational characteristics. With
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this flexibility, it is not surprising that composite materials are
often employed in optimized designs, which raises valid con-
cerns with regard to the understanding of the mechanisms as
well as possibilities of failure.

If the fracture of these laminates is considered from the
point of view of linear elastic fracture mechanics, the engineer
must be concerned with two distinct aspects of a design: 1) the
prediction of the stress intensity factor ATj, which depends on
the applied stress in addition to the laminate configuration
and specimen geometry, and 2) the experimentally determined
values of the critical stress intensity factor Kc, which defines
the onset of crack propagation as occurring when Kl>Kc. The
present paper is concerned only with the first of these aspects,
and deals with the calculation of Kl for a broad range of
laminate configurations. These calculations represent an
onerous if not time consuming and expensive task. Thus the
aim in the present paper is to present the development of an
economical and convenient method of estimating stress inten-
sity factors that may be of use for the analysis and initial
design phases of composite components. The integration of
these results with critical stress intensity factors is discussed
briefly in the conclusion of the paper.

A finite element analysis employing a high precision linear
elastic fracture element1 has been employed to determine the
stress intensity factors associated with a prescribed laminate
and a given crack length to specimen width ratio (L/W) for
rectangular specimens subjected to uniaxial tension loading
with a center crack. The crack-length-to-width ratios were
varied from 0.2 to 0.8 and the tests were repeated for each of
two unidirectional preimpregnated composite systems.
T300/5208 and K49/934.

The results of this parameter study have been assembled
into a concise and instructive representation that lends itself to
use in design manual applications. An approximate method of
interpolating between these data for different geometries and
for material systems has also been developed to provide a con-
venient, inexpensive means of estimating the stress intensity
factors for a wide variety of laminate designs.

It is assumed herein that these heterogeneous materials can
be treated as homogeneous materials with regard to their
macroscopic behavior. In this regard, indications from ex-
periments are that when the zone of an elastic crack tip
singularity contains a sufficient number of fibers, the
homogeneous assumption is applicable.2

In the remainder of the paper the fracture element will be
detailed, followed by a brief discussion of how the lamina
material properties were utilized to provide the necessary data
for the various laminates considered. Results from the ap-
plication of the finite element method are presented, along
with observations on some important correlations between Kl
and L/W that are evident in the results. It will be illustrated
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how the lamina material parameters may be used to predict the
stress intensity factor for a given L/W ratio provided KI
values are known for three prescribed laminates at that L/W
ratio. The quality of the correlation between this empirical
method and the finite element method is given, followed by
overall conclusions.

Finite Element Formulation
A basic 12-node rectangular element1'3 is used for the con-

ventional elements and also forms the basis for the enriched
element formulation. The nodes for both types of elements are
numbered as shown in Figs. 1 and 2. The corresponding basis
functions are:

Corner nodes:

Ni=(l/32)(t+t0)(l+s0)[-

Midside nodes:

(1)

The remaining midside node basis functions are obtained by
interchanging t and 5-. Also, in the above, t0 = tti and s0 =ssf,
where tf and sf are the values of ' t,s at the rth node, s-x/a and
t^y/b. Furthermore, it is understood that Ar, = 0 for
*«[-l,l].

The displacement field associated with the crack tip is
represented by4:

HI =

vu=Kllg2(r,0) (2)

where

f
 2r f i

 r/ i=J—Re] ———[5,7
^ 7T L Sj — S2

-s2pj (cos0-h5-;sin0) ] l / 2 1

21

f2 = J—Re \———— [p2 (cos0+S2X TT \Sj—S2

-pj^osO+SjSinO)]'72

= J—Re] ———— [q2N 7T ^Sj—S2

j

S2 ' 7T V A i — S2

(3)

In the above, Sj and s2 are roots (in general complex) of

CjjS4 - 2cl6t? + 2 (c12 + c55 )52 - 2c26s + c22 = 0 (4a)

where 5;,52 may be expressed as

(4b)

and the roots of interest are taken such that

07>0, (32>0

The additional coefficients in Eq. (3) are specified by

Pi = Clls2l + C12 ~ C16S1» P2 = C11S2 + C12 - C16S2

Ql = ( CM*] + C22 - C26Sj )/S]9 q2=( C12S2
2 + C22 - C2552 ) /S2

(5)

In Eqs. (4) and (5), cfj are the elements of the material com-
pliance matrix C. Collecting the appropriate equations (2)
yields the following:

Finally, the displacement trial functions for the enriched ele-
ment become,

u = uc + us, v = vc + vs (7)

2b

2a

Fig. 1 Conventional element.
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Fig. 2 Crack tip element.
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Lamina Fibres aligned
in the i direction

t t t t t t t t t t t t t t t

Fig. 3 Lamina-laminate coordinate frames.

Z

Fig. 4 Laminate notation.

Following Ref . 1 these are expressed as

U(S,t) =

,t)=^lNivi+ L (g, - £ AT,*,,
1 = 7 L X i = 7

(8)

The finite element model that arises from this formulation
has been shown1 to be accurate to within 5% for L/W>0.3.
Larger errors are found to be associated with extreme element
aspect ratios near L/W=Q.2.

Laminate Compliance Matrix
For a single orthotropic lamina in plane stress, the con-

stitutive relation is given as

<*77

^22

L ^72 J

872 622 0

0 0 2Q66 J

(9)

where the components of the Qtj are:

(l-v12v21)

Q22 =
(1-VI2V21)

(lOa)

(lOb)

I I I I I I V I I I I I I I

Fig. 5 Finite element model, enriched elements are marked "E".

Table 1 Lamina material properties

Material

En,vA

E22,vsi

G12, psi

"72

T300/5208

20.5 X 106

1.37 XlO 6

0.752 xlO6

0.31

K49/934

l l .OxlO 6

0.80 XlO 6

0.3 XlO 6

0.34

Q12= ^n
v = ^22

v (lOc)

Q66 = GI2 (lOd)

675 = 625 = ̂  OOe)

and where it is noted that tensor strains are to be employed.
Now if the 1-2 axes of the lamina (Fig. 3) do not coincide with
the geometric axes (x-y) of interest, relation (9) can be
transformed to the new axis via

(11)

where the transformation matrix is the usual second-order ten-
sor transformation for rotation in a plane. Specifically

T=

cos20 sin20 2sin0cos0

siri20 cos20 -2sin0cos0

-sin0cos0 cos0sin0 cos20 —sin20

(12)

The product T~*QTis made symmetric by adopting engineer-
ing strains on the right-hand side of Eq. (11). The result of this
adjustment is referred to as Q. It is readily shown5 that for a
laminate composed of n plies the matrix relating the stress
resultants (Nx,Ny,Nxy) to the midplane strains (e^e
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T300/5208
GRAPHITE EPOXY
L/W =? Q2

—— Constant 0° Ply Lines
—— Constant 90° Ply Lines

( Ib/ in3

Eyy ———A 22 ———

1.7

1.5
20 40 60 80

% 45° PLIES
100

Fig. 6 #! for T300/5208 laminates,

such that

N =A

is given by (see Fig. 4)

(14)

Laminates are restricted to symmetric balanced configura-
tions in the present so that there will be no membrane-bending
coupling and the resulting laminate will be orthotropic with
respect to the geometric axes. This restriction is placed for
computational convenience and there is, in principle, no
reason why unbalanced configurations could not be treated in
a manner similar to that presented here.

Since the laminate is being considered a homogeneous or-
thotropic material, A^ can be equated to an A-J9 which is
derived from a single lamina of thickness t equal to the total
laminate thickness and whose material axes coincide with the
geometric axes. Thus for this single ply laminate

Au=A(l = Q!it (15)

A unit laminate thickness is assumed for all the following
work; hence

Au=A-i = Q-j (16)

This allows determination of the E^E^G^y'^, which will
make the single-ply homogeneous orthotropic plate appear to
be equivalent to the multi-ply laminated plate in a planar
loading situation,

(17b)

(17c)

(17d)

It is these equivalent material constants that are used to
describe the mechanical characteristics of the plate which is to
be analyzed.

The compliance matrix of the equivalent plate is given ac-
cording to

1
Eyy

F' F'r.yy r.yy

2G'xy

(18)

Therefore

= ~ V21 = C21

C ̂  = 1 /Eyy

= l/2G'xy

(19a)

(19b)

(19c)

(19d)

(19e)

- (A2
I2/A22) (17a)

Laminates composed of varying proportions of 0°, ±45°,
and 90° plies have been chosen for illustration purposes since
at least one major commercial airplane manufacturer has tried
to design its composite components almost entirely of
(0°,±45°,90°) combinations of woven lamina. The material
systems chosen were T300/5208, a unidirectional graphite-
epoxy system, and K49/934, a unidirectional Kevlar-49-epoxy
system. The lamina material properties for these systems are
given in Table 1.

Note that for the purpose of proportioning, all the plies
with an absolute orientation of 45° are considered to be the
same.

Finite Element Tests and Results
In the modeling of the cracked specimens, advantage was

taken of the vertical line of symmetry and only one half of a
specimen was analyzed. The model was taken to have a width
Wof 5 in. and a total height 2H of 10 in. and was divided into
six elements, four equally proportioned elements in the ver-
tical direction and two elements, of generally different widths,
in the horizontal direction (Fig. 5). A unit tensile stress was
applied.

Examples of the results obtained are illustrated for the
T300/5208 material in Figs. 6-8, where the variation of mode I
stress intensity factor with lamina configuration is shown for
L/W ratios of 0.2, 0.5, and 0.8, respectively. These figures il-
lustrate the variation of the Kl envelope as a function of L/W.
Note that they are not drawn to the same scale. The variation
in envelope geometry as a function of L/W is more clearly
seen in Fig. 9, where the outlines of the envelopes for L/W
ratios ranging between 0.2 and 0.8 are shown concurrently.
The concise economy and versatility of a plot such as this can
be immediately appreciated since it allows the designer to
assess the effect of increasing or decreasing relative propor-
tions of the various component ply angles without resorting to
more time-consuming methods.
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6.6 r
T300/5208
GRAPHITE EPOXY
L/W= 0.5

—— Constant 0° Ply Lines
—— Constant 90° Ply Lines

90% 80% 70% 60% 50% 40/0

I
0 20 40 60 80 100

3.0

Fig. 7 KI for T300/5208 laminates, L/W=Q.5.

Generally the shape of the envelope obtained is similar for
all L/W ratios, with the spread of K{ values occurring in a
specific envelope increasing proportionally to the L/W ratio.

It is usually the case that the Kl value for a laminate com-
posed solely of 0° plies is the lowest value attained (an excep-
tion to this observation occurs where L/JF=0.2, Fig. 6) while
the value associated with the 100% 90° laminate is the largest
value reached. The 100% ±45° laminate takes on a value be-
tween these two extremes generally closer to the 0° value than
the 90° value.

The gradients of the lines in the envelope increase quite
rapidly as the proportions of ±45° and 0° plies are reduced,
giving way to greater percentages of 90° plies. Thus for
laminates composed primarily of 90° plies a slight adjustment
in the laminate configuration can precipitate quite large
changes in the value of the stress intensity factor.

Alternatively, for laminates composed primarily of 0° and
±45° plies slight changes in the lamina proportions will result
in small changes in the value of the stress intensity factor. The
more ±45° plies present, the less likely a manufacturing error
will yield a significantly larger Kl value. For example, the ef-
fect of increasing the number of ±45° plies while keeping the
number of 0° plies constant, or even close to constant, is seen
to be a lowering of the value for Kl and a stabilization of Kl
for additional changes in the number of 0° or 90° plies used.

Interpolation between L/lvalues is possible by noting that
for the three 100% points Iog10#i varies in an approximately
linear fashion with L/PT(Fig. 10). The linearity breaks down
slightly in the range of L/W=0.2, which may be due to the
larger errors expected from the finite element model in this
range.1

All the foregoing for the T300/5208 material system was
found to hold true for the K49/934 system as well (Figs.
11-13).

During the course of this parameter study an interesting cor-
relation between the material properties and the stress inten-
sity factors was observed. Recall the previously introduced

13.0

12.0

11.0

10.0

K|

9.0

; ib/ in3 / 2

8.0

7.0

6.0

T300 / 5208
GRAPHITE EPOXY
L/W = 0.8

——— Constant 90° Ply Lines
—— Constant 0° Ply Lines

0 20 40 60 80 100

% 45° PLIES

Fig. 8 K! for T300/5208 laminates,

laminate parameters Sj and s2 [Eq. (4)]. It was found that
when the reciprocal of the product of the absolute values of
these parameters (I/ \s} I \s2 1) was plotted in a similar manner
to the stress intensity values a figure of strikingly similar shape
to the KI envelopes was obtained (Figs. 14-15). This geometric
similarity can be utilized to the designer's benefit. If the Kl
values for some particular L/W ratio are known for laminates
composed of all 0°, ±45°, or 90° plies, respectively, which
may be obtained either experimentally or numerically, then
the complete envelope of stress intensity factors can be ob-
tained approximately. This is accomplished by transforming
the l / \ S j \ \s2 1 plot to a Kl plot by utilizing the three known K{
values and an empirical transformation developed for this
purpose.

Before outlining the development of the empirical transfor-
mation which takes the I/ \s} I \s2 1 envelope to a Kl envelope,
some simplifying notation will be introduced. During this
development the letters s and K will refer to a general value of
I/ \Sj I \s2 1 or Klt respectively, and subscripts 0, 45, or 90 will
refer to the value of either s or K associated with the laminate
composed of 100% 0°, ±45°, or 90° plies, respectively. For
example KQ is the value of Kl for a laminate made up of only
0° plies and s45 is the value of I/ Is7 1 \s2 I for a laminate of all
±45° plies. A double subscript designates the curve joining
the two subscript points.

Similarly, when reference is made to a 0°, 45°, or 90° point
it is referring to the point on the envelope corresponding to
100% 0°, ±45°, or 90° ply configuration.

The variable x will represent the horizontal degree of
freedom on the envelope plots, specifically the fraction of
±45° plies present in the laminate, and it varies between zero
and one.

If the K and s envelopes for a given L/W ratio and material
system are plotted together, they would appear generally as il-
lustrated in Fig. 16. It is assumed that the separation between
each corresponding pair of the s0>45 and K0>45 curves and the
s9045 and K9045 curves varies linearly with x. Thus, by know-
ing K0, K45 , £90, and s(x) on s0,45 it follows that K(x) on either
K0 )45 or #90,45 may be estimated from

#0,45 (*)= (20a)
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^90,45 (X) = - S90 + £90,45 (X) (20b)

To find the shape of the interior of the envelope it is necessar
to estimate the position of each of the interaction points on
each vertical line corresponding to a constant proportion el"
±45° plies (x = const).

A transformation has been found that accomplishes this
The complete estimated envelope of Kl values can be obtained
from

JSt [/ +lOg,0-590,45 (*)]"-

5 (X) -#o,45 (X) ] +#90,45 W

.935 (L/W)2 -0.8655 (L/W) +0.0557}

where

and sx is any value of I/ Is/ 1 \s2 \ at a constant value of x.
The results of applying this mapping to the s plots for both

the graphite and Kevlar material systems can be seen in Figs.
17-20 where the dashed lines of the inset figure correspond to
the finite element results.

From these figures it is evident that the transformation
maintains the same general shape and trends exhibited in the
finite element results. Although there is some local divergence
between the two envelopes the disagreement is sufficiently
small, in light of the faithful reproduction of trends, to be of
small concern when it is further acknowledged that the
estimating procedure is intended to be just that — an estimate.

The disagreement between the finite element results and the
estimated results varies with L/W ratio and material. For the
T300/5208 material the maximum disagreement ranges from
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— o ,
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0
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0
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A 100% 0° PLIES
0 100% 145° PLIES

> D 100% 90° PLIES

I I I I . I
0.2 0.3 0.4 0.5 0.6 0.7 0.6

L / W

Fig. 10 Log10#! vs L/Wfor T300/5208 (K^K^K^).

T300/5208 GRAPHITE EPOXY 6.8 -

2.2 -

K49/934
KEVLAR EPOXY
L/W = 0.5

—— Constant 0° Ply Lines
—— Constant 90°Ply Lines

0 10 20 30 40 50 60 70 80 90 100

%±45° PLIES

3.2
20 40 60 80 100

% 45° PLY LINES

Fig. 9 KI for T300/5208 laminates, envelope outlines. Fig. 11 Ki for K49/934 laminates, L/JPT=0.5.
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Fig. 12 /T] for K49/934 laminates, envelope outlines.

NO

1.00

0.90

0.80

0.70

0.60

0.50

0.40

0.30

2
0.20 -

K49/934
KEVLAR EPOXY

A 100% 0° Plies
o 100% ±45° Plies
a 100% 90° Plies

0.10

T300/5208 GRAPHITE EPOXY

IS,IIS2I

0.6 -J>

0.2-

10020 40 60 80

%±45° PLIES

Fig. 14 I/ \gj I \s2 I for T300/5208 laminates.

K49/934
KEVLAR EPOXY
l/|Si||S2| vs % 45° PLIES

—— Constant 90° Ply Lines
— -Constant 0° Ply Lines

0.2 0.3 0.4 0.5 0.6 0.7 0.8
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Fig. 13 Log10^i vs L/W for K49/934 (KQ, Fig. 15 I/ \Sj I \s21 for K49/934 laminates.
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20 40 60 80 100

% 45° PLIES
Fig. 16 Representative K and s plots.

3.0
20 40 60 80 100

% 45° PLIES

Fig. 18 Kest for T300/5208 laminates, L/W= 0.5.

14.0

13.0

11.0

10.0

Estimated
Ki

9.0

db / in 3 ' 2 )

7.0

1.5
40 60 80 100

% 45° PLIES
Fig. 17 Kest for T300/5208 laminates, £/JF=0.2.

less than 5% for L/W ratios of 0.2-0.4 to 7%, 10%, 13%, and
12% for L/W ratios of 0.5, 0.6, 0.7, and 0.8, respectively. In
the case of K49/934 the maximum disagreement encountered
was 14% for L/W=0.2, 0.3, 0.6; 11% for L/PF=0.4, 0.5;
16% for L/W=Q.l; and 15% for L/W=Q.S. Thus the max-
imum difference at any single point between the estimated
stress intensity factors and the finite element stress intensity
factors is 16%. As a quick means of estimating KI values in in-
itial or preliminary design stages, this method is very inexpen-
sive in terms of computational effort and the degree of user

0 20 40 60 80 100
% 45° PLIES

Fig. 19 Kest for T300/5208 laminates, L/Jf =0.8.

sophistication required to initiate an estimate. The method is
easily programmed onto a desktop computer and allows im-
mediate assessment of laminate design changes with regard to
relative crack severity.

The material dependency of the accuracy of the estimating
procedure is a matter of interest, and it may well be possible to
derive another transformation that exhibits even greater ac-
curacy. However, this will require further studies encompass-
ing more material systems.
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3.2
40 60

% 45° PLIES
100

Fig. 20 Kest for K49/934 laminates,

Summary
The investigation of how laminate configuration influences

the value of A^ illustrates that the general shape of the stress
intensity factor envelopes does not change with material or
L/Wratio apart from some dilation in the latter case. The sen-

sitivity of the stress intensity factor to laminate configuration
changes depends on the relative proportion of each of the ply
types (0°,±45°,90°) with the sensitivity being reduced upon
the addition of more ±45° plies. Large proportions of 90°
plies make KI very sensitive to even slight changes in the
laminate configuration.

A strong geometric similarity between the Kl and
I/ Is71 \s21 plots has been identified and means of utilizing this
geometric similarity for estimating purposes shows promise.
By knowing AT0, AT45, and K90 for a particular material system
and the L/W ratio, it is possible to estimate the entire A^
envelope from the I/ \Sj I \s2 \ envelope by utilizing the pro-
posed transformation. The agreement between the finite ele-
ment results and the estimated results is seen to be dependent
on the L/W ratio and on the material system while it is suffi-
ciently accurate for initial estimating purposes. It is felt that
further correlation studies and transformation refinements
may improve this approach.

It is important to realize that these results make no direct
predictions about failure and that, as mentioned previously,
companion data for the critical stress intensity factor Kc are
required in order to decide the question of crack propagation.
It may well be the case that Kc varies just as dramatically as ATZ
over the same range of laminate configurations but this cannot
be determined without a comprehensive set of experimental Kc
data. If these data were available the designer would certainly
prefer plots of the type presented here where the ordinate was
the ratio K^/KC for example.
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